Quark Mass Matrices in Orbifold Models by Kobayashi, T.
ar
X
iv
:h
ep
-p
h/
95
07
24
4v
1 
 6
 Ju
l 1
99
5
LMU-TPW 95-8
June, 1995
Quark Mass Matrices in Orbifold Models
Tatsuo Kobayashi ∗
Sektion Physik, Universita¨t Mu¨nchen,
Theresienstr. 37, D-80333 Mu¨nchen, Germany
Abstract
We study left-right symmetric quark mass matrices whose up- and
down-sectors have the same structure. This type of realistic mass
matrices are derived from orbifold models.
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The origin of the fermion masses is one of the most important problems in
particle physics. Higher dimension couplings could explain the hierarchical
structure of the fermion masses and mixing angles [1, 2, 3, 4]. Underlying
symmetries provide selection rules for higher dimension couplings as well as
renormalizable couplings. In this case entries in mass matrices are written
by suppression factors with powers, which are determined in terms of some
types of quantum numbers under underlying symmetries. If we assume the
left-right symmetry, the quark mass matrices are dominated by quantum
numbers of the quark doublets Qi as well as the Higgs fields. Hence from
the assumption of the left-right symmetry it is plausible to expect that the
quark mass matrix of the up-sector has the same structure as one of the down-
sector. In refs.[3, 4], one type of up-down symmetric quark mass matrices
are obtained by using an extra U(1) symmetry.
Superstring theory is the only known candidate for the unified theory of
all the interactions including gravity. In superstring theory selection rules
for higher dimension couplings are provided by symmetries of a compact-
ified space as well as gauge symmetries. In refs.[5, 6], selection rules for
non-renormalizable couplings are discussed within the framework of orbifold
models [7]. These selection rules could lead to realistic quark mass matrices.
In this paper we discuss left-right symmetric quark mass matrices whose
up- and down-sectors have the same structure. We show examples leading to
these types of the realistic quark mass matrices. The µ-term is also discussed.
In general, the underlying theory like supergravity or superstring the-
ory includes nonrenormalizable couplings like q(u,d)jQiH2,1(θ/M2,1)
nij , where
q(u,d)j denotes the SU(2) singlet quark fields and H2,1 are the Higgs fields
for the up- and down-sectors. After the field θ develops vacuum expectation
value (VEV), this coupling works as the Yukawa coupling with the suppres-
sion factor ε
nij
u,d = (< θ > /M2,1)
nij . That leads to a hierarchical structure
in the mass matrices and the structure depends on underlying symmetries.
In general we can expect εu 6= εd. For example a mixing between light and
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heavy Higgs fields leads to εu 6= εd [2, 3].
Here we consider the following left-right symmetric mass matrices:
Mu,d = du,d


0 εn12u,d ε
n13
u,d
εn12u,d ε
n22
u,d ε
n23
u,d
εn13u,d ε
n23
u,d 1

 . (1)
Note that the powers nij of the up-sector are same as those of the down-sector.
The (1,2), (2,2) and (2,3) elements should be non-vanishing elements in order
to lead to realistic mixing angles [8].
At first we consider the case where εn13u,d is negligible. In this case we
have two types of the mass matrices leading to the geometrical hierarchy
m3m1 ≈ m
2
2 as follows,
3ℓ = n12 = 3n23, n22 ≥ 2n23, (2a)
6ℓ = 2n12 = 3n22, n22 ≤ 2n23. (2b)
We refer to these types, (2a) and (2b), as Type 1 and 2, respectively. Both
types lead to the eigenvalues of masses as m3 = O(du,d), m2 = O(ε
2ℓ
u,ddu,d)
and m1 = O(ε
4ℓ
u,ddu,d). In general these types of the quarks mass matrices:
Mu,d = du,d


0 au,dε
3ℓ
u,d 0
au,dε
3ℓ
u,d bu,dε
m
u,d cu,dε
n
u,d
0 cu,dε
n
u,d 1

 , (3)
lead to the following CKM matrix:
VCKM ≈


1− 1
2
(adε
3ℓ
d /b
′
d)
2 adε
3ℓ
d /b
′
d −aucdε
3ℓ
u ε
n
d/b
′
u
−adε
3ℓ
d /b
′
d 1−
1
2
(adε
3ℓ
d /b
′
d)
2 − 1
2
(cdε
n
d)
2 cdε
n
d
adcdε
3ℓ
d ε
n
d/b
′
d −cdε
n
d 1−
1
2
(cdε
n
d)
2

 ,
(4)
where b′u,d = bu,dε
m
u,d − c
2
u,dε
2n
u,d. We use the relation εu < εd to get (4).
Eq.(3) with n = ℓ corresponds to Type 1, while Type 2 is obtained by
m = 2ℓ. These types correspond to generalization of the Fritzsch ansatz [9].
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Some phenomenological aspects of generic forms without the (1,1) and (1,3)
elements are discussed.∗ The presence of the (1,3) element does not change
the eigenvalues of the masses if n13 >∼ n23 for Type 1 and n13 >∼ n22 for Type
2. We shall not discuss the case where the (1,3) element is dominant.
The orbifold construction is one of the simplest and most interesting con-
structions to derive four-dimensional string vacua [7]. In orbifold models,
string states consist of the bosonic string on the four-dimensional space-time
and a six-dimensional orbifold, their right-moving superpartners and left-
moving gauge parts. The right-moving fermionic parts are bosonized and
momenta of bosonized fields span an SO(10) lattice. An orbifold is obtained
through a division of a six-dimensional space R6 by a six-dimensional lat-
tice and its automorphism θ. Closed strings on the orbifold are classified
into untwisted and twisted sectors. For the θk-twisted sector Tk, the string
coordinate satisfies the following boundary condition:
xν(σ = 2π) = θ
kxν(σ = 0) + eν , (5)
where eν is a lattice vector. A zero-mode of this string satisfies the same
condition as (5) and it is called a fixed point. The fixed point is represented
in terms of the space group element (θk, eν). All fixed points in Tk are not
fixed under θ. To obtain θ-eigenstates, we have to take linear combinations of
states corresponding to fixed points [11, 12]. These linear combinations have
eigenvalues γ = exp[2πim/k]. We take a complex basis (Xi, Xi) (i = 1 ∼ 3)
for the compactified space, e.g. X1 = x1 + ix2. Oscillated states in Tk are
created by ∂Xi(k) and ∂X i(k).
Couplings are calculated by using vertex operators Va corresponding to
states [13, 14]. Nonvanishing couplings are invariant under a symmetry of
each part of string states. Coupling terms are allowed if they are gauge
invariant and space group invariant. † In addition the SO(10) momentum
∗ See e.g. ref.[10].
† For the selection rule due to the space group, see in detail ref.[12].
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should be conserved and a product of eigenvalues γa should satisfy
∏
a γa = 1.
Further the corresponding correlation function < V1 · · ·Vn > should invariant
under a ZN rotation of oscillators as
∂Xi(k) → e
2πikvi∂Xi(k), (6)
where e2πiv
i
are eigenvalues of θ in the complex basis (Xi, Xi). Note that
vertex operators corresponding to non-oscillated states includes the oscilla-
tors except the −1 or −1/2 picture [13]. These selection rules are discussed
explicitly in ref.[6].
For example, the Z6-II orbifold has eigenvalues vi = (2, 1,−3)/6. For T1,
T2 and T4, there are three fixed points on the first plane. These fixed points
are denoted as (θk, ie1) with i = 0, 1, 2. Couplings including T4 are allowed
in the following forms:
T 2ℓ1 T
m
4 , T
2ℓ
3 T
3m
4 , T
2ℓ
1 T
m
2 T
n
4 , T
ℓ
1T
m
3 T
p
2 T
q
4 , (7)
where ℓ > 0, m > 0, n > 0 and p or q > 0.‡ The first coupling is allowed if
ℓ + 2m = 9i + 3 and 2ℓ +m = 9j + 3. The third and fourth couplings are
forbidden unless they are point group invariant. Further the third coupling
should satisfy that ℓ = 2p+1 and 2ℓ+2m+n = 3i. This orbifold construction
allows only the T 21 T4 and T1T2T3 couplings as renormalizable couplings of the
twisted sectors.
Here we study models to lead to (2.a,b) using the above selection rules.
We restrict ourselves to the simple cases where n12 = 3, i.e. ℓ = 1 in (2.a,b)
and (3). In order to obtain a left-right symmetric mass matrix, it is simple
to assign one generation of the left- and right-handed quarks to the same
twisted sector. We assign the Higgs fields H2,1 to T4 and third generations of
the quark fields to T1 so that the renormalizable coupling T
2
1 T4 leads to the
(3,3) element. Only the T1T3T
2
4 coupling induce the Yukawa coupling with
‡The Z6-II orbifold models allow other couplings. See in detail ref.[6].
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the factor ε, while the couplings with ε2 are generated by T 21 T2T
2
4 , T1T
2
2 T3T4,
T 21 T
2
3 T4 and T
2
3 T
3
4 couplings. In addition T
2
1 T
3
2 T4, T1T2T3T
3
4 , T
3
1 T2T3T4 and
T1T
3
3 T
2
4 couplings lead to the Yukawa couplings with ε
3. We have to assign
the second generation to T3 or T4 to obtain the (2,3) element of Type 1 as ε.
Further we need the θ field with the VEV in T4 and T3 if the second generation
belongs to T3 and T4, respectively. In both cases, the (2,2) element is obtained
as ε2 through the T 23 T
3
4 coupling. If we assign the first generation to T1 for
the later case, the (T1T
2
4 )T
3
3 coupling provides the (1,2) element as ε
3. In
this case we can assign the fixed points of the first and third generations and
the Higgs fields to forbid the (1,1) and/or (1,3) elements, § although without
this selection rule due to the space group these elements are allowed as the
renormalizable coupling, T 21 T4. Thus we obtain the following mass matrices:
Mu,d = du,d


0 ε3u,d 0
ε3u,d ε
2
u,d εu,d
0 εu,d 1

 . (8)
This corresponds to both of the types and is obtained in refs.[3, 4] by us-
ing an extra U(1) symmetry. We can obtain the similar mass matrices in
the case where the first and second generations are assigned to T1 and T3,
respectively and θ fields in T3 and T4 develop VEVs. In this case it is hard
to forbid completely the (1,1) and (1,3) elements. Each of these elements is
induced through the (T 21 T4)T
2
3 T
3
4 or (T
2
1 T4)T
9
4 couplings, although this fac-
tor is enough suppressed. We can easily obtain the mass matrices with the
suppressed (1,1) and (1,3) elements, if we assign the first and third gener-
ations to the same twisted sectors. It is hard to derive Type 1 with more
suppressed (2,2) element, i.e. m > 2 in the Z6-II orbifold models, because
the (2,2) element is naturally induced by the T 23 T
3
4 coupling.
Next we discuss examples leading to Type 2 with n > 1. It is easy to
derive the (2,2) element as ε2 for any assignment of the second generation.
§If the fixed points of T1 and T4 on the first plane do not satisfy the space group
invariance, one cannot generate these elements by the θ field with the VEV in T3.
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However, it is hard to obtain the (1,2) element as ε3 when the second genera-
tion is assigned to T1. If the second generation belongs to T4, the matrix (8)
is naturally obtained as above. Thus we consider the case where the second
generation is assigned to T3. Further we assign the first generation to T2.
Suppose that θ fields in T1, T2 and T4 develop VEVs. Then we obtain the
(2,2) element as ε2 through the (T 23 T4)T
2
4 coupling. In this case the (1,1),
(1,2) and (2,3) element are provided as ε3, ε2 and ε by the (T 22 T4)(T
2
1 T2),
(T2T3T4)(T1T2) and (T1T3T4)T4 coupling without taking into account other
selection rules. We assume that the θ fields with the VEVs in T2 and T4 have
γ = −1, while the other fields have γ = 1. Then the above couplings are
forbidden. Instead the (T 22 T4)(T
6
1 T
2
4 ), (T2T3T4)T
3
1 and (T1T3T4)T
2
2 couplings
generate the (1,1), (1,2) and (2,3) elements as ε8, ε3 and ε2, respectively.
Then we obtain the following quark mass matrix:
Mu,d = du,d


ε8u,d ε
3
u,d ε
3
u,d
ε3u,d ε
2
u,d ε
2
u,d
ε3u,d ε
2
u,d 1

 , (9)
where the (1,3) element is obtained through the (T1T2T4)(T1T
2
2 ) coupling.
We can obtain more suppressed (1,3) element if we take into account the
selection rule due to the space group invariance. For example we assign the
fixed point of the T1 field with the VEV to (θ, e1) on the first plane, while
the fixed point of the other fields is assigned to the origin (θk, 0). Then the
(1,3) element is derived as ε9 through the (T1T2T4)T
9
1 coupling, while the
(T2T3T4)T
3
1 coupling of the (1,2) element is allowed. Other assignment of the
fixed points can lead to similar mass matrices. We neglect the (1,1) and (1,3)
elements to obtain the following mass matrices:
Mu,d = du,d


0 ε3u,d 0
ε3u,d ε
2
u,d ε
2
u,d
0 ε2u,d 1

 . (10)
Eq.(10) is one of the simplest mass matrices [15]. Because four texture zeros
are included totally for the up- and down-sectors and for each matrix there
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appear only three hierarchies, 1, ε2 and ε3. This type can lead to the real-
istic mixing angles (4). In this case the mixing angles satisfy the following
relations:
|Vus|
2 ≈ |Vcb| ≈
md
ms
,
|Vub|
|Vcb|
≈
√
mu
mc
,
|Vtd|
|Vts|
≈
√
md
ms
. (11)
We can derive realistic mass matrices similar to (9) and (10) in the case
where the second generation is assigned to T2. In this case we need several
fields with VEVs.
We can derive Type 2 with n > 2. For example we assign the first and
second generations to T1 and T2, respectively. Suppose that θ fields in T1 and
T3 develop VEVs. Then we obtain the same mass matrices as (10) except
the (2,3) element replacing ε3. Further we can derive Type 2 with n > 3,
but the larger values of n do not lead to the realistic mixing angles (4).
We have derived some examples of Type 1 and 2 (2a,b) with n12 = 3.
Similarly we could obtain these types of the quark mass matrices with n12 =
3ℓ (ℓ > 1), although in some cases it is hard to rule out lower dimension
operators. It is also interesting to derive the quark mass matrices where the
geometrical hierarchy is obtained approximately, e.g. the case with 3n12 =
4n22 and n23 ≥ n22. This example corresponds to some down-sectors in
ref.[2].
World-sheet instantons lead to another suppression factor as exp[−aijT ],
where T is the moduli parameter and aij is a constant [14]. These effects pro-
vide the coefficients like (3). Also CP phases are induced to some elements in
the case with nonvanishing background anti-symmetric tensors [16], although
in some orbifold models the physical CP phase do not appear in the limit
εu,d → 0[6].
¶ The suppression factor exp[−aijT ] and the CP phase of each
element are in general different from those of other elements. The difference
between du and dd can be explained by the difference of the VEVs of H2,1
¶ See also ref.[17].
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or the world-sheet instanton effects.‖ Further, we have to estimate radiative
corrections from a high energy to a low energy to compare the prediction
with experiment. However, the hierarchical structure, i.e. the powers nij are
not changed [18, 2], while the coefficients in (3) are changed by O(1).
At last we discuss the µ-term. In the above examples, both of the Higgs
fields, H2,1 are assigned to T4. Thus the µ-term is forbidden as a renormaliz-
able couplings. After the symmetry breaking, some high dimension operators
could generate the effective µ-term, which is naturally suppressed. For in-
stance, the µ-term in the example leading to (10) should include T 61 T
2
2 T
2
4
coupling.
To sum up, We have studied on left-right symmetric quark mass matrices,
which have the same structure for the up- and down-sectors. We have shown
examples leading to these type of the mass matrices within the framework of
the orbifold models. For the Z6-II orbifold models, it is hard to obtain Type
1 except (8). Eq.(10) is one of the simplest and most realistic quark mass
matrices, which cannot be derived by assuming an extra U(1) symmetry.
The above analyses constrain how to assign the quark fields to the twisted
sectors. That is very useful to model building.
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